Abstract. We apply wavelets to study the generalized local Morrey-Campanato spaces M φ,p (R n ) and their preduals. As applications, we characterize the multipliers on M φ,p (R n ) and the stability of these spaces under the perturbation of Calderón-Zygmund operators. Our results indicate that there exist some M φ,p (R n ) without unconditional basis. This fact shows that M φ,p (R n ) have some different characteristics unlike the classical Morrey spaces.
INTRODUCTION
Morrey spaces M α,p (R n ) were introduced by Morrey [19] in 1938 when solving PDE problems. In the last decades, Morrey spaces and their generalization have been studied extensively and play an important role in the study of harmonic analysis and PDE. We refer the reader to Lin-Yang [11] , Essen-Janson-Peng-Xiao [3] , Yang-Yuan [30, 31, 32] , Yuan-Sickel-Yang [35, 36] , Xiao [29] and Yang-Zhu [34] for further information.
A cube Q centered at x and with radius r is defined as
Denote by f Q the mean value of f on Q:
The generalized local Morrey-Campanato spaces M φ,p (R n ) are defined as follows. (i) When φ(r) = r −α , 0 ≤ α < n p , M φ,p (R n ) = M α,p (R n ), the local MorreyCampanato spaces.
(ii) For 1 ≤ p < ∞, M 0,p (R n ) = bmo(R n ), the space of functions with local bounded mean oscillations.
Our aim is to characterize M φ,p (R n ) and its predual via the orthogonal regular wavelet basis. Wavelet characterizations of classical Morrey spaces are studied by many authors. See Rosenthal [21] , Sawano [22] and Yuan-Sickel-Yang [36] for details. Liang et al. [10] considered the generalized Morrey spaces associated with increasing functions φ satisfying , r > 0.
In this paper, we assume that the function φ satisfies the following conditions. Let φ be a function defined on the interval (0, 1] and satisfy the following conditions. In Section 3.2, we study the predual of M φ,p (R n ). Fefferman [4] proved that the predual of BM O(R n ) is the Hardy space H 1 (R n ). Kalita [8] used a group of Borel measures to characterize the predual of M α,2 (R n ). We introduce two classes of Hardy spaces H φ,p (R n ) and H φ,p w (R n ). For 1 < p < ∞, we prove that H φ,p (R n ) and
w (R n ) are equivalent. In Theorem 3.8, we obtain the following duality relations.
In Section 4, we devote to the applications of the results obtained above. The first one is the multipliers on M φ,p (R n ). The multiplier spaces are defined as follows.
Definition 1.4. For two spaces
Multiplier spaces were introduced in 1950s and studied extensively since then. See Maz'ya-Shaposhnikova [12, 13] for details. Janson [6] and Stegenga [23] studied the multipliers on M φ,1 (R n ) and the predual H φ,∞ (R n ). 
. In this paper, we apply a different method to study the multipliers on
Let f ∈ M ψ,1 (R n ) and a be a wavelet atom of H φ,p (R n ). We use multi-resolution analysis to decompose the product of f · a as
Thus, the estimates of fa can be converted to the computations of the wavelet coefficients {f ε j,k } and {a ε j,k }. By Theorem 3.5, we obtain a characterization of 
we only assume that φ satisfies (1.2) and (1.3). Hence the function φ used here is more general than that in (1.6). Our result is slightly stronger than that of [6] . (ii) One usual tool to characterize M (X, Y ) is the capacity on arbitrary compact set. Sometimes, it is difficult to compute the capacity on arbitrary compact set. Recently, wavelets have been used to characterize the multipliers on Sobolev spaces. We refer the reader to Yang-Zhu [34] for details. The second application is the stability under the action of Calderón-Zygmund operator. The stability of function spaces under the perturbation of operators plays an important role in many problems. See Maz'ya-Verbitsky [14] [24] . The Carleson measure characterization of M α,2 (R n ) was obtained by Essen-Janson-Peng-Xiao [3] . For the spaces M φ,p (R n ), we could introduce a class of Carleson measures related to the function φ. By a similar method, we could characterize M φ,p (R n ) via Carleson measure related to the function φ. We will discuss this problem in another paper.
The rest of this paper is organized as follows. In Section 2, we state some preliminary notations and lemmas which will be used in the sequel. In Section 3, we give a wavelet characterization of M φ,p (R n ) and obtain the predual of M φ,p (R n ). In Section 3.2, we consider the multipliers and stabilities of M φ,p (R n ) and H φ,p (R n ). Section 4 is devoted to the stability of
WAVELETS, FUNCTIONS AND OPERATORS
We state some notations related to wavelets. The wavelets used in this paper are tensorial wavelets and real valued. Let E n = {0, 1} n andĖ n = {0, 1} n \{0}. For = 0 (respectively, ∈Ė n ), let
be Daubechies' scale function (respectively, wavelet), cf [15] . We suppose that Daubechies wavelets are sufficient smooth and have sufficient vanishing moments to adapt our needs.
and ∈ E n , we write
For any function f and
In the sequel, we always write
Let M be the constant in (2.1). Let χ andχ be the characteristic functions of the cubes
For 1 ≤ p ≤ ∞, we denote by p the conjugate number of p, i.e., 
(i) Let 1 ≤ p, q < ∞ and r ∈ R and M be the Hardy-Littlewood maximal operator.
Calderón-Zygmund operators play an important role in harmonic analysis. For N > 0, we say T belongs to non-homogeneous Calderón-Zygmund operator class
(ii) For any α ∈ N n with |α| ≤ N − 1, T and its dual operator T * satisfy
For x = y and |α| + |β| ≤ N , we have
For simplicity, we suppose that N is big enough such that N > n + 1 + | log 2 C 0 | to satisfy the needs of Lemma 2.3 and Theorem 3.9. For any 
At the end of this section, we give some L p -estimates of Calderón-Zygmund operators which are useful in the sequel. For s, j 0 ∈ Z, k 0 ∈ Z n and 0 ≤ s ≤ j 0 , there exists a l s ∈ Z n such that the dyadic cube
For any l ∈ Z n , we define
For any 0 ≤ j < j 0 and ( , j, l
Proof. We first prove (i). Notice that for
We divide the estimate of |
We can obtain
Wavelet characterization
In this section, we use wavelets to characterize M φ,p (R n ). Let χ S be the characteristic function of a set S. We can obtain the following wavelet characterization of M φ,p (R n ).
Theorem 3.1. Let 1 < p < ∞ and φ satisfy (1.2), (1.3) and (1.4). Then the following two statements are equivalent:
There exists a constant C f such that for all dyadic cube Q with volume |Q| ≤ 1,
Proof. At first we prove that if f ∈ M φ,p , f satisfies (3.2) for any dyadic cube Q. We divide the proof into two cases. 
For any ( , j, k) ∈ Λ n and Q j,k ⊂ Q, we have
We can deduce from Proposition 2.1 that
By (1.3), there exists a constant C depending only on M and C 0 , such that
Case 2. |Q| ≤1 and 2
It is easy to see that
By (1.3) again, there exists C, depending on M and C 0 , such that
Conversely, we assume that f satisfies (3.2). It is easy to see that
For any cube Q(y, r) with r ≤
. We decompose f into the following two parts:
Denote by f 1,Q(y,r) and f 2,Q(y,r) the means of f 1 and f 2 on the cube Q(y, r), respectively. It is easy to see that
Hence there exists a constant C depending on C 0 , M and C f such that
We have
By (3.2), we have
where in the last inequality we have used (1.3) and (1.4). This completes the proof of Theorem 3.1.
Duality between
Fefferman-Stein [5] proved that BM O(R n ) is the dual of Hardy space H 1 (R n ). Kalita [8] characterized the predual of M α,2 (R n ) by the method of functional analysis. The predual of Q spaces is obtained by Dafni-Xiao [2] via Hausdorff capacities. In this section, we adopt Fefferman-Stein's ideas and use wavelet atoms to study the predual of M φ,p (R n ).
At first, we introduce two classes of Hardy spaces associated with φ.
where the infimum is take over all the possible decompositions.
Another class of atoms are introduced without using wavelets.
where the infimum is take over all the possible decompositions. 
4). Then
H φ,p (R n ) = H φ,p w (R n ).
Proof.
Let a be a wavelet atom on dyadic cube Q(y, r).
Conversely, for a (φ, p)−atom a, we can write
There exists a constant C such that
By (1.4), we can obtain 
Proof.
(ii) and (iii) are obvious. We only prove (i). By Hölder's inequality, we know that
Then a j H φ,p = 1. But we know that
This implies that H
When φ is bounded, we have
Theorem 3.7. If φ is bounded and satisfies (1.2) and (1.3), then for
Proof. We know that a (φ, ∞)−atom is a (φ, p)−atom for 1 < p < ∞. Further, if φ(r) = 1, we decompose each (1, p)−atom into a group of (1, ∞)−atoms, see Stein [24, Section 3.2] . Hence by the definition of (φ, p)−atom, if φ is bounded, we can decompose each (φ, p)−atom into a group of (φ, ∞)−atoms.
Next we prove that the dual of H
φ,p (R n ) is M φ,p (R n ).
Theorem 3.8. (i) If φ satisfies (1.2) and (1.3), then the dual
H φ,∞ (R n ) is M φ,1 (R n ). (ii) If 1 <
p < ∞ and φ satisfies (1.2), (1.3) and (1.4), then the dual of H
Proof.
It is easy to see that M φ,p (R n ) ⊆ (H φ,p (R n )) . Hence it is enough to prove the reverse inclusion (H φ,p (R n )) ⊆ M φ,p (R n ).
If p = 1 and f / ∈ M φ,1 (R n ), then for any positive integer u, there exists a cube
Without loss of generality, we assume that
We decompose E u,+ into two sets by choosing a measurable subset
Now we consider the case 1 < p < ∞. If f / ∈ M φ,p (R n ), by Theorem 3.1, for any u > 0, there exists a cube Q u such that |Q u | ≤ 1 and
This implies that f / ∈ (H φ,p (R n )) .
Calderón-Zygmund operators on H φ,p (R n )
Alvarez [1] proved the Calderón-Zygmund operators are bounded on the predual of M α,p (R n ). In this section, we consider the boundedness of Calderón-Zygmund operators on H φ,p (R n ).
Theorem 3.9. Suppose that φ satisfies (1.2), (1.3) and (1.4). If 1 < p < ∞ or φ is bounded and p = ∞, Calderón-Zygmund operators are bounded on
Proof. By Theorem 3.7, we only consider the case 1 < p < ∞. We know that if
atoms on dyadic cube Q jm,km . It follows that
Similar to the proof of Lemma 2.2, we have
We write
where {a l,jm,km (x)} and {a ,j,l jm,km } are defined in (2.7) and (2.7), respectively. By Lemma 2.3,
Applying (1.3), we get
This completes the proof of Theorem 3.9.
STABILITY OF MORREY SPACES
In this section, we discuss stabilities of M φ,p (R n ), H φ,p (R n ) and M (M φ,p (R n )) under the perturbation of Calderón-Zygmund operators.
Multiplier on
In this section, we consider multipliers on H φ,p (R n ). Let f and g be two functions. Before considering the multiplier spaces M (H φ,p (R n )), we first give three useful lemmas.
Lemma 4.1. (i) If 1 < p ≤ ∞, then there exists a positive constant C depending on φ and M such that
(ii) There exists a positive constant C depending on φ such that
Proof. We only prove (i). The proof of (ii) is similar. Since
we have 2
To get the another inequality, we construct a special non-negative function f . Taking the smallest positive number r 0 ∼ 2
Since g(|x|) is a linear non-increasing Lipschitz function, by a similar procedure, we have sup 1 and s, s ∈ IN, there exists g s,s (x 
Lemma 4.2. For any
We can see that
Assume that φ satisfies (1.2) and (1.3). We define
The following result can be obtained immediately.
Lemma 4.3. Let ψ be the function defined in (4.1).
According to the definition of ψ, we know that ψ is bounded. Hence
It follows that f ∈ bmo(R n ).
Now we give the characterization of the multiplier spaces M (H φ,p ).
Theorem 4.4. Suppose that φ satisfies (1.2) and (1.3). If φ also satisfies (1.4) for 1 < p < ∞, we have
Proof. We divide the proof of this theorem into eight steps. In the first six steps, the constant C depends on f M ψ,1 , f L ∞ , C ψ , the constants in (1.2), (1.3), (1.4) and M . In the proof of Steps 7 and 8, the constant C depends on M , f M (H φ,p ) , the constant in (1.4) (if 1 < p < ∞) , the constants in (1.2) and (1.3) .
Step 1. We first prove that if
We know that
Now we prove that fa ∈ H φ,p (R n ). By multi-resolution analysis, for j 0 ∈ N, the product f · g can be decomposed into the following parts.
According to (4.2), we can write
It is easy to see that the supports of M i (x), i = 1, 2, . . ., 7, are contained in the multiple cube
For each cube Q = Q(y, r), there exists a biggest dyadic cube Q j,k such that
Step 4. We prove that, if
By Lemma 4.1, we have
Step 5. We prove that, if
Step 6. We prove that, if
Step 7. We prove that, if
Step 8. We prove that if
It follows that
We get f ∈ M ψ,1 (R n ).
Stability of Morrey spaces
In this section, we establish a stability condition for M φ,p (R n ). Given a function space A and an operator space B. If the facts that f ∈ A and T ∈ B always imply T f ∈ A, one calls the space A is stable under the perturbation of operators in B. We will see that there exist some M φ,p (R n ) which are unstable under the perturbation of Calderón-Zygmund operators. Compared with the classical Morrey spaces, M φ,p (R n ) have a distinctive characteristic.
For M φ,p (R n ), the assumption whether φ is bounded makes a great difference. In fact, by Theorems 3.6, 3.7 and 3.8, we have
We denote by B(0, r) the ball centered at the origin and with radius r. Let B(0,Ñ) be the smallest ball containing supp Φ 0 . We choose τ ∈ C ∞ 0 (B(0, 4Ñ)) such that
The following theorem tells us that M φ,1 (R n ) is unstable under the perturbation of Calderón-Zygmund operators if φ(r) is unbounded.
Theorem 4.6. If φ is unbounded, then there exist a Calderón-Zygmund operator T and a function
and
At last, we establish the stability condition. 2), (1.3) and (1.4) . Let T be a Calderón-Zygmund operator.
Proof. By the duality between H φ,p (R n ) and M φ,p (R n ), it is enough to prove the continuity of Calderón-Zygmund operators on H φ,p (R n ). The desired conclusion follows from Theorem 3.9.
Multipler spaces on Morrey spaces and stability
Janson [6] and Stegenga [23] studied the multipliers on M φ,1 (R n ). Xiao [29] considered the multipliers on complex Q-spaces. However, the skills of [6] and [23] can not be extended to p = 1. Also it is very difficult to apply the method of Xiao [29] to deal with M (M φ,p (R n )). In this section, we will use wavelets to characterize the multipliers on H φ,p (R n ) and M φ,p (R n ). Further, we consider the stability of these spaces.
By the theorems in Sections 3.1 and 4.1, we have Theorem 4.8. Let ψ be defined by (4.1) . Suppose that φ satisfies (1.2) and (1.3) ; and additionally, if 1 < p < ∞, φ also satisfies (1.4) . For 1 ≤ p < ∞, we have 
Proof.
By duality of H φ,p (R n ) and M φ,p (R n ) and Theorem 4.4, we get the desired conclusion.
We consider the stability of M (M φ,p (R n )) under the perturbation of Calderón-Zygmund operators. (1.2), (1.3) and (1.4) . ψ is defined by (4.1) . For 1 ≤ p < ∞, we have 
Using wavelet characterization of M ψ,q (R n ), we know these multiplier spaces are stable under the perturbation of Calderón-Zygmund operators. By Theorems 5.4 (ii), if ψ(r) ≥ C > 0, then the related multiplier space is L ∞ (R n ), so it is unstable under the perturbation of Calderón-Zygmund operators.
We will construct some special multiplier to show that the rest multiplier spaces under these conditions are not stable. Denote 
